In this paper we present a method for valuing a power plant o ver a short-term period using Monte Carlo simulation. The power plant v aluation problem is formulated as a multi-stage stochastic problem. We assume there are hourly markets for both electricity and the fuel used by the generator, and their prices follow some Ito processes. At each hour, the power plant operator must decide to run or not to run the unit so as to maximize expected pro t. A certain lead time for commitment decision is necessary to start up a unit. The commitment decision, once made, is subject to physical constraints such as minimum uptime and downtime constraints. The generator's startup cost is also taken into account in our model. In this paper, the Monte Carlo method is employed not only in forward-moving simulation, but also backward-moving recursion of dynamic programming. We demonstrate through numerical tests how the physical constraints a ect a power plant v alue.
Introduction
With deregulation of the electricity industry a global trend, utilities and power generators must adjust the new risks of volatile spot prices, which are accompanying the competitive marketplace. Because they are no longer able to rely on embedded cost recovery regulation, they must fundamentally change the way they view power plant operation. For example, the deterministic and cost-based unit commitment problem e.g. 10 that schedules power plants to satisfy demand should be replaced, in our opinion, by an optimization problem which, at least, is pricebased and takes account of price stochastics. Solving such an optimization problem not only yields optimal commitment decision, on the other hand, reveals the power plant v alue over the operating period.
Recently the power plant valuation problem has been tackled using nancial option theory 2, 4, 5 . A power plant, associated with its heat rate, converts a particular fuel to electricity. This conversion involves two commodities with di erent market prices. Therefore, owning a power plant can be regarded as holding call options of spark spreads, de ned as the electricity price less the product of the heat rate associated the generator and the fuel price. When the electricity price is high but the fuel price is low such that their ratio is greater than the unit's heat rate, the power plant should run to capture pro t due to the price spread, and vice versa. Since the power plant pro ts more, when the spread is greater, it is a call option in this sense. Similar price spread concepts have also been applied to other industries such as oil re ning e.g. 8 .
While using option theory to value a power plant is a novel approach, such an approach o verlooks the operational constraints of a power plant. These constraints include the startup time and the minimum uptime and downtime constraints. Using nancial option theory to value a power plant implicitly assumes i no startup time, i.e., a unit can be started up immediately when favorable prices are observed; ii no minimum up down time constraints, i.e., an on-line unit can be turned down whenever the prices become unfavorable. These assumptions always result in a nonnegative p a yo for operating a power plant, suggesting the operator faces no risk of loss. This, unfortunately, is not the case. We shall show i n this paper that big risks may b e o verlooked if these physical constraints are not considered.
In this paper, we formulate the power plant valuation problem as a multi-stage stochastic problem. Over a short-term period, the operator must decide when to run the generator so as to maximize expected pro t. The commitment decision must be made before the uncertain prices are revealed. Once the commitment decision is made, plant operation is subject to physical constraints such as minimum uptime and downtime constraints. That is, an on-line unit cannot be turned back down even if market prices become unfavorable before the minimum uptime constraint i s ful lled. Similarly, an o -line unit cannot be turned back on before the minimum downtime constraint is ful lled. Moreover, in our model, a startup cost associated with turning on a unit is also taken into account.
The major uncertainties considered in this paper are the prices for electricity and the fuel consumed by the generator. We assume there are hourly markets for both electricity and fuel and their prices follow some Ito processes. Although the valuation method presented in this paper can be applied to general Ito price processes, we focus on the ones characterized by mean reversion and lognormally distributed, seasonal prices. We use Monte Carlo simulation to solve this multistage stochastic problem. The Monte Carlo method is employed not only in forward-moving simulation, but also backward-moving recursion of dynamic programming.
This paper is organized as follows. In Section 2, physical constraints of a power plant are described and formulated. In Section 3, we review the approach for valuing a power plant using nancial option theory. We formulate the power plant valuation problem as a m ulti-stage stochastic problem and propose solution procedure using simulation in Section 4. In Section 5, we present n umerical results. This paper concludes in Section 6.
Physical constraints for a power plant
In this paper we focus mainly on fossil or natural gas-fueled steam units. For steam units the dynamics of unit operation are relatively complex. For these units the time required to start up the generator and the cost associated with startup depend on how long the units have been down. This occurs because the water in its boiler must be heated before generation of power can occur. The longer the generator is down, the more heat is lost from its boiler and the longer the time and the greater the expense to reheat the water. Therefore the operation cost of a power unit calls for two cost terms. The rst is related to the production of power and depends directly on the amount of fuel consumed. The second term captures the startup costs which v ary with the temperature of the boiler.
A thermal generation unit cannot switch between the on-line mode and the o -line mode at arbitrary frequency, due to both the non-zero response time of the unit and the damaging e ects of fatigue. In other words, once a thermal unit is shut down or started up, it is required to stay o -line on-line for a minimum period, known as the minimum down-up-time, before it can be started up shut down again. On the other hand, committing all units all the time would not be feasible either. Generation units become unavailable from time to time, due to planned outages e.g. for maintenance purpose or forced outages e.g. as a result of component failure.
In the development, we rst introduce the following standard notation. Additional symbols will be introduced when necessary. where tx t = max0; ,x t is the amount of time the unit has been down; b 1 represents the cold start fuel cost for unit i, and b 2 combines the labor costs plus the xed operating and maintenance expenses of the plant amortized over the unit. To limit the size of the state space, we assume that exp,tx t,1 = in 4 becomes negligible when tx t t cold .
Deterministic formulation
Assuming that the future prices for electricity and fuel are fully and perfectly known, we present the deterministic formulation of the generation asset valuation problem over a short term period. P J = max In this section, we brie y review the approach of using nancial option theory to value a power plant. This approach e.g. 4 assumes that a unit can be started up immediately, and hence commitment decision can be made after the prices of electricity and fuel are observed. Also the minimum uptime and downtime constraints, and the startup cost are left out. The value of a power plant o ver the period t = 1 ; ; T can be represented as follows. 
Multi-stage Stochastic model
Obviously price uncertainties plead for a stochastic model. In this paper we formulate the generation asset valuation problem as a multi-stage decision problem. The decision variable u t is now the commitment decision which has to be made before the uncertainties p E t and p F t are revealed. On the other hand, the generation level q t can be adjusted in real time and is obtained after the prices at time t are known. Namely, optimal generation level q t can be obtained deterministically by solving 10. That is, we shall always set q t = g t as de ned by 11 in the rest of this paper. In reality, since committing a generation unit involves reheating the water in boiler, commitment decisions indeed have to be made a certain time before operation takes place. In this paper, for simplicity w e model the commitment decision lead time unit startup time to be one hour. However, the proposed valuation method is exible enough to be extended to more complicated situations. Thus, this modeling intends to capture the characteristics of real-world power plant operation. We assume that the operator is risk neutral so that his objective is to maximize the expected pro t with respect to the random price vectors p E ; p F , which represent the subjective price probability distributions believed by the operator. At time t, the operator observes the prices p E t for electricity and p F t for fuel, he then decides the commitment of the unit for the next hour. The operator's decision takes one hour to process to become e ective. 
Price Processes
In this paper we assume that price processes for both electricity and fuel are given. Although the valuation method to be presented in this paper can be applied to general Ito price processes, we focus on the following two processes for electricity and fuel respectively: t are two Wiener processes with instantaneous correlation . The above commodity price models are characterized by mean reversion and lognormally distributed, seasonal prices. Because, to varying degrees, both electricity and fuel have associated storage costs, their prices are determined to a large degree by the forces of producer supply and consumer demand and less so by i n vestor speculation 1 . This interplay is manifested in the mean-reverting nature of their price processes. Thus, in some sense, the mean reversion parameter represents the storability of the commodity. For electricity, which is quite difcult to store, this parameter is large implying little autocorrelation between today's price and tomorrow's price. Furthermore, this parameter in conjunction with captures the short and long term price uctuations and characterizes variance of the lognormal price distribution. This distribution resembles that of other traditional price process models in that price returns are normally distributed and prices are nonnegative. Finally, m t is a periodic function capturing the cyclical nature of the long-term expected prices. m t is thus a function of the interplay b e t ween the cost of production and consumer demand for the commodity. In a later section, we will describe the procedures for estimating the parameters from historical data using the method of maximum likelihood.
Valuation using simulation
In this section we demonstrate how Monte Carlo simulation can be used to value a power plant considering the physical constraints described in previous sections. Let's rst de ne f x 2 Zjx = t on or , t cold x , t o g 20 as the set of states at which turning on and o the generation unit are options see Figure 1 . The basic idea is to determine the indi erence l o cus dp E t ; p F t ; t; x t = 0 for each time t and each of the states x t 2 such that for any pair of p E t ; p F t on one side of the locus d 0, the optimal decision is to turn the unit on for the next hour; and on the other side of the locus d 0 the optimal decision is to turn the unit o . Again, the`optimality' of the decision is in terms of expected value as de ned in 16. In terms of function dp E t ; p F t ; t; x t , at time t the optimal commitment decision for u t+1 is as follows. 1 if x t = t on ; and dp E t ; p F t ; t; x t 0 0 if x t = t on ; and dp E t ; p F t ; t; x t 0 1 if , t cold x t , t o ; and dp E t ; p F t ; t; x t 0 0 if , t cold x t , t o ; and dp E t ; p F t ; t; x t 0 21 Our approach corresponds closely to that presented in 3 for valuing path-dependent options. In 3 , a critical locus is obtained in each period to determine optimal early exercise policy for American Asian options. In this paper, we extend the approach to a more complicated situation involving multi-stage decision making and intertemporal constraints. In the next step, we try to determine an indi erence locus a function that ts all the p E T ,1 ;p F T ,1 p E T ,1 obtained. This procedure theoretically calls for innite number of price pairs on the locus. In practice, we identify as many indi erence price pairs as necessary to obtain an acceptable approximation of the locus. The indi erence locus at time T , 1 and state x T ,1 can therefore be approximated by dp E T ,1 ; p This completes one simulation iteration. By running many simulation iterations, we closely approximate the expected pro t for turning on the unit at T , 1, E T ,2 J T ,1 u T ,1 = 1 ; x T ,1 ; p E T ,1 ; p F the initial conditions at time 0, provides an estimate value of the power plant during the operating period. In summary, the Monte Carlo method in this approach is employed not only in forward-moving simulation, but also backward-moving recursion of dynamic programming.
Numerical results
We have implemented the proposed method for valuing a power plant in FORTRAN on a Pentium II personal computer. This section presents numerical test results.
Test System Parameters
The proposed method has been applied to a natural gas-fueled generating unit with the following inputoutput characteristics over a 4-day 96 hours operating period:
Hq t = 820 + 9:032q t + 0 :00113q 2 t :
25
To obtain the parameters of the price processes of both electricity and fuel, we examine historical price data series of Nymex natural gas prices and electricity prices from both Palo Verde and Norway, taking the logarithm of these prices as our basic data series. Since there is no hourly market for natural gas, we assume that m F t is constant within a given day and t the price process to daily data. Because the model time step is hourly, however, we adjust these parameters accordingly. Speci cally, since the model is a continuoustime model, we can deduce the implied hourly uctuations immediately from the daily parameters.
For electricity, w e use historical daily data from the Palo Verde electricity markets and similarly normalize the data to the hourly time step. However, to incorporate a daily price pattern, we then adjust m E t by overlaying the daily electricity price pattern in terms of percentage changes of the Norwegian market. Although this market is not identical to the newly established hourly market of California, it is the authors' belief that for the purposes of power plant v aluation, the cyclical uctuations incorporated are sucient. Moreover, while some hourly California electricity prices are available, due to its newness and accompanying scarcity, the hourly California electricity price data was not su ciently reliable. In the appendix of this paper, we summarize how to use maximum likelihood method to estimate price parameters.
Using the maximum likelihood method, we obtain F = 4:17 10 ,6 and F = 1:78 10 ,2 . For electricity we obtain E = 0:32 10 ,3 and E = 0:20.
As aforementioned, m E t captures the cyclical nature of the expected electricity prices. Obtained m E t values are summarized in Table 1 . Also we assume the instantaneous correlation coe cient b e t ween electricity and natural gas is = 0 :4. We shall apply the proposed method to the unit of 25 with various minimum uptime and downtime cases. For simplicity, w e assume that t o = t cold in all test cases.
Indi erence Loci
In Figure 2 
Power plant value vs. physical constraints
To demonstrate the relation betwe e n a p o wer plant value and physical constrains, we applied the proposed method to the generator of 25 under various minimum uptime and downtime constraints. Four cases, t on = t o = 1, 4, 10 and unconditionally on-line, are tested. The rst three cases are all tested twice, one with startup cost considered, the other without. The results are summarized in Table 3 .
In Figures 3a to 3c , three frequency charts are depicted. They correspond to three di erent minimum uptime and downtime constraints, t on = t o =1, 4, 10, with startup cost considered. In each of the frequency charts, the tallest spike", representing the most frequent occurrence, corresponds to zero pro t, i.e. no commitment at all hours. The outliers on left hand side of the tallest spike correspond to loss. It can be seen that as t on or t o increases, the downside risk increases. The case with units on at all hours is considered to be a good measurement of the limiting case for increasing t on , which corresponds to the lowest mean pro t, and the highest variance among all test cases. The last column of Table 2 corresponds to value obtained without considering decision lead time. This also represents the value obtained by the approach using nancial option theory presented in Section 3. To summarize the test results, based on our speci c test system, we observe: 1 with unit startup time decision lead time introduced, the mean pro t drops Table 3 . It can be seen that VaR increases as the the length of minimum uptime or downtime increase. Also the incorporation of startup cost increases the VaR of a power plant. 6. Future directions and conclusion
In this paper we present a method for valuing a power plant using Monte Carlo simulation. As opposed to the popular approach using nancial options, we emphasize the need for incorporating physical constraints into the problem modeling. Without considering physical constraints, the payo is nonnegative, and the potential risk due to operational limits is greatly overlooked.
While we have tried to model real-world physical constraints into the power plant valuation problem, the unit ramp constraints 9 are still left out. Ramp constraints, which limit the capability of a generator to move between operating levels over short periods of time, can have signi cant impacts on the power plant value. When subject to ramp constraints, the generation levels of a unit are interdependent in all hours. Incorporating ramp constraints into the valuation problem requires to increase the dimension of the state space of the dynamic programming, and hence increases the complexity of computation. Research using heuristics to take account ramp constraints has been initiated. We will report further results in a future paper. Appendix A Estimating parameters using maximum likelihood method 27 where fX i j X i,1 ; is the conditional density function of X i given X i,1 . Note because the in uence"
of the marginal distribution of the initial point is negligible for large n, we exclude its e ect for convenience.
Let L denote the log-likelihood function, the natu- Therefore, by replacing the prices in our original data series with the natural logarithm of prices, we may apply these formulas to determine the parameters of the model for electricity and fuel.
